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1 Introduction

Let X C C. Consider some arbitrary complex function f: X — C defined by
z — f(z). We can define u,v: X — R by u(z) := Re f(z) and v(z) := Sm f(2).
Then, f(z) = u(z) + iv(z). We may use f = u + v as shorthand for this, and
omitting the arguments of such functions will be done when context removes
ambiguity.

In general, we may associate C with R? via the bijection ¢: C — R? given by
#(z) == (Re z,9m z). The inverse is simply ¢~': R? — C given by ¢~ (z,y) =
x+iy. Then, the map ¢[X] — C, (z,y) — f ((;5’1(:5, y)) may be associated with
the complex function f, and likewise for v and v. It then makes sense to refer to
f(z,y) and similar expressions. Note that this association gives us z = z + iy
for arbitrary z,y, z in their respective sets.

Furthermore, we may define the vector field H: ¢[X] — R? by H(z,y) =
¢~ 1(f(z,y)). It follows that H = uk + v§. Plotting vector fields is something
that we can do, so we now have a way to visualise complex functions. As plotting
the vector field with the normal lengths of the vectors would result in something
very cluttered, we can normalise it.

A H
H|
Every time we refer to plotting a vector field, this will be what we actually plot.

In order to reintroduce the information of the vector’s magnitudes, we can use
colour. A simple colour bar will accompany our figures.

Now, let us consider a concrete example with f: C — C given by f(z) := z. We
thus have H = 2% + yy. Since

If ) = [zl = Va2 +v2,

we have
. H

1 . y
=== = X+ y.
H[ /22 + 2 Va? + y?

The vector field H has been plotted below.
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2 Pdélya Vector Fields

Our previous visualisation was fine, as it gave us an idea of the function’s be-
haviour within the subset of the domain that was chosen. The vector field has
reflectional and rotational symmetry about the origin, but is this a meaningful
observation? Certainly, with functions R — R, such symmetries can lead to
analytical properties. For example, even and odd functions exhibit symmetry,
which leads to the following results (assuming integrability).

A
f:R—HRisoddW/ f(z)dz =0
—A

A A
f:R—HRisevenW/ f(x)daczQ/ flx)dzx
—A 0

More generally, we can get a good idea of the sign of an integral from the
graph of a function. That does not seem to translate well to complex functions.
Suppose we wish to evaluate the integral of f(z) := z along some closed contour
C'. The function is holomorphic and entire Therefore, by Cauchy’s theorem,

fc F(2)dz = 0.

Could we have figured that out, or at least have obtained an idea of what it
would be, from the graph above? Sure, our visualisation of f is symmetric about
the origin under rotations or reflections, but the above result holds under any
closed contour — which might not even include the origin. This is why we will
introduce a specific type of vector field, which we can interpret in a meaningful
way for the purpose of integration.



Definition 1 (Pélya Vector Field). Let X C C, and let f,u,v: X — C such
that u := Re f and v := Sm f. The Pélya vector field of f, H: ¢[X] — R2, is
given by H(z,y) :== ¢~ *(f(x,y)). Equivalently, H := u% — v¥.

The Polya vector field of f is the vector field associated with its conjugate,
which, in our case, is given by

fy=z=a—1y.
Thus, we have H: R2 — R? given by

H(z,y) = 2% — y§¥.

Plotting this gives the following graph.
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Why is this any better? To answer that, let us rewrite the integral we had before,
using the arbitrary parameterisation z: C — C, z,y: R — R, z(t) = x(t) +iy(t)
with ¢ € [a,b]. Henceforth, we need not consider any specific complex function.

b
1= [ ) 0 i
b
= [ u) + i) @ + i 0] de
b
— [ et 1) ~ o)y (1)
‘ b
+i [ O (0 + ol 1) de



b
=/ [u(z(t) + iy ()2’ (t) — v(@(t) +iy(t))y'(¢)] dt
b
+ Z/ [u(z(t) +iy(t)y' (t) + v(x(t) +iy(t)a’ (¢)] dt
b
— [ el y(®)2'(0) = olatt). w0} 0) e
b
+ Z/ [u(@(t), y(1)y' () + v(z(t), y(t))z' ()] dt
b b
SR CORTOIECr IRy - CONORAGE!
:%CH~Td5+i72H-Nds
Even this, involving the proper definition of the contour integral being applied,
is not without omission of details. It must be said that we have overloaded the

symbol C with both a curve in C and a corresponding curve in R?. A less direct
derivation of the same result is as follows.

?{ f(z)dz = j{ (u + ) (dx +idy)
c c
= ?{ (udx — vdy) +i?{ (udy + vdx)
c c
:]{ E-Tdsﬂ'f H Nds
c c
This may be considered abuse of notation without further definitions and clar-

ification. Regardless, we have shown that Pdlya vector fields allow us to write
any (closed) contour integral as a work and flux integral.

7{: () d> = W[H, C] + i§[H, ] (1)

That alone is an aesthetically pleasing result, though there is further utility.
Consider the surface S such that S := C. Then, by Green’s theorem,

Qﬂ[ﬁ,C]://SVxFI.

By the divergence theorem in two dimensions, which is equivalent to Green’s

theorem,
3[H,C] :// v.H
s

f)dz= || VvxH+i || v-H (2)
C S S

This is the insightful result we were after, which is seen by the fact that Cauchy’s
theorem follows almost immediately afterwards.

Therefore,



3 Cauchy’s Theorem
If f is holomorphic, then uw and v satisfy the Cauchy-Riemann equations.

Ozu = Oyv

Oyu = =00
However, one can write the divergence and curl of H explcitly as follows.

V- -H=0,u—0,v
V x H = 0,v+ dyu

It can thus be seen that f being holomorphic implies that V-H =V x H = 0.
Therefore,

7{ f(z)dz =0, (3)
c

no matter what the closed contour C' actual is, showing that our result is path
independent.

This is not a proof of the theorem, and an actual proof would preferably not
use Green’s theorem. This is because it would then have to assume that the
partial derivatives of v and v are continuous — not strictly a requirement, but
considerably more work would need to be done otherwise. Additionally, the
condition of X being simply connected has not been discussed, nor any of the
subtleties regarding the validity of Green’s theorem in this scenario.

Our goal is not to prove Cauchy’s theorem and other results in complex analysis
using Pdlya vector fields, but rather to provide an alternative lens to view them
in and gain intuition. We have shown that the holomorphicity of f is directly
related to the properties of H. A complex function is holomorphic iff its Pélya
vector field is irrotational and incompressible. That is a beautiful result.

Moreover, we may obtain useful information from H in other situations. None
of the steps involved in the derivation of Equation (1) required C to be a closed
contour. That means that we have a much more general result. By observing
how H appears to flow through and across a contour, we can estimate the value
of the integral along the contour.

4 Meromorphic Functions

A complex function f: X — C is meromorphic on D C C iff it is holomorphic
on D except for a set of poles of f. For example, the function f: C\ {0} — C
defined by

1 z z T — 1y

z  zz |22 a?+y?
is meromorphic on C. We also have

u(z) =

_r
1-2+y27



and

- __ Yy
v(z) = PN

Additionally, the magnitude of f(z) is given by

z |Z] 1 1
&=l = s = = —
|2 |22 2] a2 y?
Since n
— Tty
f(Z) - m2 + y2a

the Pélya vector field of f, H: R?\ {(0,0)}, is given by

I T N Yy ~
H(z,y) = :
@9)= 5 m%t @2y

We have used a logarithmic scale for the colour bar instead of the regular one
to more evenly distribute the colours. Plotting H gives the following graph.
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The most obvious feature of this vector field is the ‘source’ at the origin. How-
ever, it would not make sense to comment about V - H at (0,0), because H is
not defined at that point. Everywhere that H is defined, it is irrotational and
incompressible, follows from the holomorphicity of f. Therefore, any integral
along a contour that does not enclose the origin will evaluate to zero.

What if it does enclose the origin? Suppose we wish to evaluate the integral
of f along the anticlockwise unit circle. Let us call this contour v. We can



parameterise v by z(t) := e with ¢ € [0,27]. Then, 2/(t) = ie" = iz(t). Our
contour integral is given by

%yf(z) dz = ?{ %
- S
-

= 2mi.

This is interesting. Despite the fact the Pélya vector field of f has properties
very similar to the previous one we discussed, we have obtained a completely
different result. Whilst f is holomorphic everywhere it is defined, C \ {0} is
not simply connected. Informally, this means that we cannot shrink any loop
(that originally surrounds the origin) down to single point without touching the
origin. Without our domain being simply connected, we cannot apply Cauchy’s
theorem.

It is is not the case that we are dealing with a function which is not holomorphic,
such as g: C — C given by g(z) = |z|. The Pélya vector field of g has zero
curl, but nonzero divergence. Our function f is holomorphic, but the hole in its
domain breaks the ‘rule’ we had and leads to unusual results. This idea, in its
general sense, is further studied in higher-level mathematics.

Since the contour integral evaluated to a purely imaginary number, we know that
only the flux integral contributed to it. That makes sense, if you imagine the unit
circle on the vector field plot above. The field lines are entirely perpendicular
to the contour, so there is zero work. The lines flow out of the circle, from the
source at the origin, so there is positive flux.

2[H,C] =0
§H,C) =2r
We did not need to choose the unit circle as our contour. As f is holomorphic
everywhere it is defined, we can deform the contour into a circle of any radius,

or any other contour. As long as it encloses the origin, the integral will evaluate
to the same number.
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