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The Mellin transform is an integral transform, similar to the Laplace transform
and the Fourier transform. Whilst it has many applications in mathematics,
physics, and engineering, we will focus on proving a particular theorem related
to the transform: Ramanujan’s master theorem.

Definition 1 (Mellin Transform). Let f : R>0 → C be a function of t. The
Mellin transform of f , denoted M{f}, is a function of s ∈ C defined by

M{f}(s) :=
∫ ∞

0

f(t)ts−1 dt, (1)

wherever this integral converges.

Definition 2 (Fundamental Strip). Let α, β ∈ R, and let the open strip
⟨α, β⟩ be defined for all s ∈ C such that s := σ + it and α < σ < β. The
fundamental strip of M{f}(s) is the largest open strip on which it is defined.

We can evaluate the Mellin transform of various functions and determine their
corresponding fundamental strips.

Example 3. Let the function f : R>0 → C be defined by f(t) := e−t. The
Mellin transform of f is then given by

M
{
e−t

}
=

∫ ∞

0

e−tts−1 dt =: Γ(s),

where Γ is the gamma function. As Γ(s) is analytic for ℜe s > 0, the fundamental
strip is ⟨0,+∞⟩.

Example 4. Let the function f : R>0 → C be defined by

f(t) :=
1

1 + t
.

The Mellin transform of f is given by

M{f(t)}(s) =
∫ ∞

0

ts−1

1 + t
dt.

First, we wish to show that this integral converges and under what conditions
that happens.
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Proposition 5. The integral

M{f(t)}(s) =
∫ ∞

0

ts−1

1 + t
dt

converges if and only if 0 < ℜe s < 1.

Proof. Let σ := ℜe s and τ := ℑm s giving us s = σ + τi. We can rewrite our
integral and split it as follows.∫ ∞

0

ts−1

1 + t
dt =

∫ ∞

0

tσ−1+τi

1 + t
dt

=

∫ ∞

0

tσ−1tτi

1 + t
dt

=

∫ ∞

0

tσ−1eτi ln t

1 + t
dt

=

∫ ∞

0

tσ−1 cos(τ ln t)

1 + t
dt︸ ︷︷ ︸

I

+i

∫ ∞

0

tσ−1 sin(τ ln t)

1 + t
dt︸ ︷︷ ︸

J

.

Note that M{f(t)}(s) will converge if and only if both I and J converge.
Consider I and split it into two integrals.∫ ∞

0

tσ−1 cos(τ ln t)

1 + t
dt =

∫ 1

0

tσ−1 cos(τ ln t)

1 + t
dt︸ ︷︷ ︸

I1

+

∫ ∞

1

tσ−1 cos(τ ln t)

1 + t
dt︸ ︷︷ ︸

I2

Again, I will converge if and only if both I1 and I2 converge. For the integral
from 0 to 1, the integrand is continuous everywhere on the interval except at
t = 0. We can bound the integral above as follows.∫ 1

0

tσ−1 cos(τ ln t)

1 + t
dt ≤

∫ 1

0

∣∣∣∣ tσ−1 cos(τ ln t)

1 + t

∣∣∣∣ dt
≤

∫ 1

0

tσ−1

1 + t
dt ∵ cosx ≤ 1

≤
∫ 1

0

tσ−1 dt ∵
1

1 + t
≤ 1 for t ∈ [0, 1].

Since σ > 0, the last integral converges, so I1 converges as well. For the I2,
first note that

1 + t ≥ t =⇒ 1

1 + t
≤ 1

t
=⇒ tσ−1

1 + t
≤ tσ−2.

Using this, we get∫ ∞

1

tσ−1 cos(τ ln t)

1 + t
dt ≤

∫ ∞

1

tσ−1

1 + t
dt ≤

∫ ∞

1

tσ−2 dt.

Since σ < 1, the last integral converges, so I2 converges as well. It thus follows
that I converges. It can similarly be shown that J converges. Therefore, if
0 < σ < 1, then

M{f(t)}(s) =
∫ ∞

0

ts−1

1 + t
dt
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converges.

We now wish to show the converse. As the contrapositive of the converse – ‘if
σ ≤ 0 or σ ≥ 1, then the integral diverges’ – is equivalent to the converse itself
(and easier to work with), we will prove that instead. First, consider the case
where s ∈ R; note that the integrand is positive. If s = σ ≥ 1, then∫ ∞

1

ts−1

1 + t
dt ≥

∫ ∞

1

dt

1 + t
.

If s = σ ≤ 0, then ∫ 1

0

ts−1

1 + t
dt ≥

∫ 1

0

dt

t(1 + t)
≥

∫ 1

0

dt

2t

Either way, for s ∈ R, a part of M{f(t)}(s) is bounded below by a divergent
integral, so M{f(t)}(s) diverges. Otherwise, consider s /∈ R, meaning that
τ ̸= 0. Without loss of generality, assume that τ > 0. Consider J under the
substitution t = ex.∫ ∞

0

tσ−1 sin(τ ln t)

1 + t
dt =

∫ ∞

−∞

e(σ−1)x sin(τx)

1 + ex
· ex dx

=

∫ ∞

−∞

eσx sin(τx)

1 + ex
dx

Let

Jk :=

∫ bk

ak

eσx sin(τx)

1 + ex
dx,

where k ∈ Z>0,

ak :=
2πk

τ
,

and

bk :=
π(2k + 1)

τ
.

If σ ≥ 1, for x ≥ 0, we have

eσx

1 + ex
≥ ex

1 + ex
≥ 1

2
.

As Jk ≥ 0 for all k,∫ bk

ak

eσx sin(τx)

1 + ex
dx ≥ 1

2

∫ bk

ak

sin(τx) dx =
1

τ
.

If ∫ ∞

−∞

eσx sin(τx)

1 + ex
dx,

converges, then

lim
R→∞

∫ R

−∞

eσx sin(τx)

1 + ex
dx
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exists, which would be true only if there exists some x0 ∈ R such that∣∣∣∣∣
∫ R1

−∞

eσx sin(τx)

1 + ex
dx−

∫ R2

−∞

eσx sin(τx)

1 + ex
dx

∣∣∣∣∣ < 1

2τ

for all R1, R2 ≥ x0. Assume, for the purpose of contradiction, that such an x0
exists. As ln ak → ∞ and ln bk → ∞, there exists some k such that ln bk >
ln ak > x0, and∣∣∣∣∣

∫ bk

−∞

eσx sin(τx)

1 + ex
dx−

∫ ak

−∞

eσx sin(τx)

1 + ex
dx

∣∣∣∣∣ =
∣∣∣∣∣
∫ bk

ak

eσx sin(τx)

1 + ex
dx

∣∣∣∣∣
≥ 1

τ

>
1

2τ
.

This is a contradiction, so there cannot exist such an x0. Thus, if σ ≥ 1,∫ ∞

−∞

eσx sin(τx)

1 + ex
dx

diverges if, meaning that J diverges as well. Therefore, if σ ≥ 1,

M{f(t)}(s) =
∫ ∞

0

ts−1

1 + t
dt.

diverges. A similar argument works to show that it diverges if σ ≤ 0; we would
consider negative k. Hence, if σ ≤ 0 or σ ≥ 1, the intergral diverges – and the
contrapositive of the statement is true as well. That finally completes the proof
that the integral converges if and only if 0 < σ < 1.

There are various ways to evaluate this improper integral. One way is via
contour integration. Consider

zs−1

1 + z

for z ∈ C. The numerator can be rewritten as e(s−1) log z term, which is mul-
tivalued if s /∈ Z; we need to choose a branch of the logarithm. Choose the
branch such that the argument of the logarithm ranges from 0 to 2π, and let
the branch cut be at the positive real axis. That is, given z := eiθ, we have
log z := ln|z| + iθ, where 0 ≤ θ < 2π. Let the function g : C \ {0,−1} → C
defined by

g(z) :=
zs−1

1 + z
,

with the branch that we have chosen. This function has a simple pole at (−1, 0).
The residue of the pole is given by

Res(g,−1) = lim
z→−1

(z − (−1))g(z)

= lim
z→−1

zs

z
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= −(−1)s

= −eπis.

There is also a singularity at the origin, as long as s /∈ Z≥1. If s ∈ Z<1, then
the singularity is a pole of order 1− s whose resiude is given by

Res(g, 0) =
1

(−s)!
lim
z→0

d−s

dz−s

[
(z − 0)1−sg(z)

]
=

1

|s|!
lim
z→0

d|s|

dz|s|

[
1

1 + z

]
=

1

|s|!
lim
z→0

(−1)s

(1 + z)1−s

=
(−1)s

|s|!

Otherwise, the singularity is a branch point. Both singularities, as well as the
possible branch cut, are shown in Figure 1.

Let l1 and l2 be horizontal lines from (R, δ) to (ε, δ) and (R,−δ) to (ε,−δ)
respectively. Then, let Γ be the circular arc going from (R, δ) to (R,−δ) and
let γ be the circular arc going from (ϵ,−δ) to (ε, δ). Consider the contour C
defined by C := Γ ∪ l2 ∪ γ ∪ l1. This is a positvely-oriented circular keyhole
contour, as shown in Figure 1.
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ℜe(z)

ℑm(z)

γ

Γ

l1

l2
××

−R

−ε

ε

R

Figure 1: The complex contour C

By the residue theorem, the contour integral along C is given by∮
C

g(z) dz = 2πiRes(g,−1) = −2πieπis

We can also consider the contour integral along C as the integrals along the
four parts of C.∮

C

g(z) dz =

∫
Γ

g(z) dz +

∫
γ

g(z) dz +

∫
l1

g(z) dz +

∫
l2

g(z) dz

The integral along l1 can be evaluated via the parameterisation z(t) := t + δi
for t ∈ [ε,R]. ∫

l1

g(z) dz :=

∫
l1

z1−s

1 + z
dz

:=

∫ R

ε

(z(t))s−1

1 + z(t)
· z′(t) dt

=

∫ R

ε

(t+ δi)s−1

1 + t+ δi
dt

We only care about this in the limit as δ approaches 0+.
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Proposition 6.

lim
δ→0+

∫ R

ε

(t+ δi)s−1

1 + t+ δi
dt =

∫ R

ε

lim
δ→0+

(t+ δi)s−1

1 + t+ δi
dt

Proof. Let (wδn) be the sequence of functions where

wδn :=
(t+ δni)

s−1

1 + t+ δni

for t ∈ [ε,R], and (δn) → 0+ is arbitrary. Since t > 0, we have t+ δni → t and
arg(t+ δni) → 0 as n→ ∞. Thus,

lim
δ→0+

wδn = lim
n→∞

wδn =
ts−1

1 + t

pointwise for t ∈ [ε,R]. Now, we wish to show that the sequence is dominated
by an integrable function. Let σ := ℜe s and τ := ℑm s. Then,∣∣(t+ δni)

s−1
∣∣ = ∣∣(t+ δni)

σ−1+τi
∣∣

=
∣∣∣e(σ−1+τi) log(t+δni)

∣∣∣
=

∣∣∣e(σ−1+τi)(ln|t+δni|+i arg(t+δni))
∣∣∣

=
∣∣∣e(σ−1) ln|t+δni|

∣∣∣ ∣∣∣e(σ−1)i arg(t+δni)
∣∣∣ ∣∣∣eτi ln|t+δni|

∣∣∣ ∣∣∣e−τ arg(t+δni)
∣∣∣

=
∣∣∣e(σ−1) ln|t+δni|

∣∣∣ ∣∣∣e−τ arg(t+δni)
∣∣∣

= |t+ δni|σ−1 · e−τ arg(t+δni).

Due to the branch of the logarithm we have chosen, arg(t+δni) ∈ [0, 2π). Thus,∣∣(t+ δni)
s−1

∣∣ = |t+ δni|σ−1 · e−τ arg(t+δni)

≤ |t+ δni|σ−1 · e−τ ·0

= |t+ δni|σ−1

if τ ≥ 0, and ∣∣(t+ δni)
s−1

∣∣ = |t+ δni|σ−1 · e−τ arg(t+δni)

≤ |t+ δni|σ−1 · e−τ ·π2

if τ < 0. This bound is independent of δn and t. Additionally, as t ≥ ε > 0,

|1 + t+ δni| =
√
(1 + t)2 + δ2n ≥ 1 + t =⇒ 1

|1 + t+ δni|
≤ 1

1 + t
.

Since σ < 1,

|t+ δni|1−σ ≥ t1−σ

=⇒ |t+ δni|σ−1 ≥ tσ−1.
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Using these bounds, we have

|wδn | =
∣∣∣∣ (t+ δni)

s−1

1 + t+ δni

∣∣∣∣
=

|t+ δni|σ−1 · e−τ arg(t+δni)

|1 + t+ δni|

≤ A|t+ δni|σ−1

|1 + t+ δni|

≤ Atσ−1

1 + t
,

where A is a constant. We now have a dominating function which is integrable
on [ε,R]. Therefore, by the dominated convergence theorem,

lim
δ→0+

∫ R

ε

(t+ δi)s−1

1 + t+ δi
dt =

∫ R

ε

lim
δ→0+

(t+ δi)s−1

1 + t+ δi
dt.

By Proposition 6,

lim
δ→0+

∫
l1

g(z) dz =

∫ R

ε

ts−1

1 + t
dt.

The integral along l2 can be evaluated via the parameterisation z(t) := (ε+R−
t)− δi for t ∈ [ε,R].∫

l2

g(z) dz :=

∫
l2

zs−1

1 + z
dz

:=

∫ R

ε

(z(t))s−1

1 + z(t)
· z′(t) dt

=−
∫ R

ε

(R+ ε− t− δi)s−1

1 +R+ ε− t− δi
dt

=−
∫ R

ε

(t− δi)s−1

1 + t− δi
dt

We want this in the limit as δ appraoches 0+. A similar argument to that found
in the proof of Proposition 6 will justify interchanging the limit and integral
here.

lim
δ→0+

∫
l2

g(z) dz = −
∫ R

ε

lim
δ→0+

(t− δi)s−1

1 + t− δi
dt

= −
∫ R

ε

ts−1e2πi(s−1)

1 + t
dt

= −
∫ R

ε

ts−1e2πis

1 + t
dt.

It happens to be the case that (under certain conditions) the integrals along Γ
and γ vanish in the required limits, as is shown in Proposition 7.

Proposition 7.

lim
R→∞
ε→0+

lim
δ→0+

∫
Γ

g(z) dz = lim
R→∞
ε→0+

lim
δ→0+

∫
γ

g(z) dz = 0
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Proof. The arc length of Γ is that of a circle minus the gap on the right. Denote
the arc length of the gap as λΓ. The gap arc is that of a sector of a circle with
radius R such that the length of the chord that subtends the arc is 2δ.

Denote the central angle of the gap as θΓ. We have an right-angled isosceles
triangle where the two equal sides have length δ, the angle between them is
θΓ/2, and the hypoteneuse has length R. By some trigonometry,

sin

(
θΓ
2

)
=

δ

R
.

Thus,

θΓ = 2arcsin

(
δ

R

)
.

The arc length, λΓ, is given by

λΓ =
1

2π
· 2 arcsin

(
δ

R

)
· 2πR = 2R arcsin

(
δ

R

)
.

Therefore, the arc length of Γ, denoted L(Γ), is given by

L(Γ) = 2πR− 2R arcsin

(
δ

R

)
.

Similarly, the arc length of γ, denoted L(Γ), is given by

L(γ) = 2πε− 2ε arcsin

(
δ

ε

)
Now, we need to find constants MΓ and Mγ that bound |g(z)| on Γ and γ
respectively. Given s =: σ + τi, we have∣∣zs−1

∣∣ = |z|σ−1 · e−τ arg(z).

As arg(z) ∈ [0, 2π), e−τ arg(z) is bounded by some constant, which we will label
A. Thus, ∣∣zs−1

∣∣ ≤ A|z|σ−1.

By the reverse triangle inequality, we have

|z + 1| ≥ | |z| − |1| | = | |z| − 1 |.

If |z| ≥ 1, then
|z + 1| ≥ |z| − 1

Otherwise, |z| < 1, and we have

|z + 1| ≥ −(|z| − 1) > |z| − 1.

We can see that the inequality holds for all z ∈ C. Hence,

|z + 1| ≥ |z| − 1 =⇒ 1

|z + 1|
≤ 1

|z| − 1
.
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Puting these bounds together, we get

|g(z)| =
∣∣∣∣ zs−1

1 + z

∣∣∣∣
=

∣∣zs−1
∣∣

|1 + z|

≤ A|z|σ−1

|z| − 1
.

We thus arrive at the upper bound for g(z) on Γ, given by

MΓ :=
ARσ−1

R− 1
.

By the estimation lemma,∣∣∣∣∫
Γ

g(z) dz

∣∣∣∣ ≤MΓL(Γ)

=
ARσ−1

R− 1)

(
2πR− 2R arcsin

(
δ

R

))
=

2ARσ

R− 1

(
π − arcsin

(
δ

R

))

In the limit as δ → 0+, we have

lim
δ→0+

∣∣∣∣∫
Γ

g(z) dz

∣∣∣∣ ≤ lim
δ→0+

2ARσ

R− 1

(
π − arcsin

(
δ

R

))
=

2πARσ

R− 1

Since σ < 1, this will converge to 0 in the limit as R → ∞ (we need to use
L’Hôpital’s rule once).

lim
R→∞
ε→0+

lim
δ→0+

∣∣∣∣∫
Γ

g(z) dz

∣∣∣∣ ≤ lim
R→∞
ε→0+

2πARσ

R− 1
= lim

R→∞
ε→0+

2πσARσ−1 = 0

Therefore,

lim
R→∞
ε→0+

lim
δ→0+

∫
Γ

g(z) dz = 0.

For γ, we have the upper bound given by

Mγ :=
Aεσ−1

ε− 1
.

By the estimation lemma,∣∣∣∣∫
γ

g(z) dz

∣∣∣∣ ≤MγL(γ)

=
Aεσ−1

ε− 1

(
2πε− 2ε arcsin

(
δ

ε

))
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=
2Aεσ

ε− 1

(
π − arcsin

(
δ

ε

))

In the limit as δ → 0+, we have

lim
δ→0+

∣∣∣∣∫
γ

g(z) dz

∣∣∣∣ ≤ lim
δ→0+

2Aεσ

ε− 1

(
π − arcsin

(
δ

ε

))
=

2πAεσ

ε− 1

Since σ > 0, this will converge to 0 in the limit as ε→ 0+.

lim
R→∞
ε→0+

lim
δ→0+

∣∣∣∣∫
γ

g(z) dz

∣∣∣∣ ≤ lim
R→∞
ε→0+

2πAεσ

ε− 1
= 0

Therefore,

lim
R→∞
ε→0+

lim
δ→0+

∫
γ

g(z) dz = 0.

Putting this all together,∮
C

g(z) dz =

∫
l1

g(z) dz +

∫
l2

g(z) dz

=

∫ R

ε

ts−1

1 + t
dt−

∫ R

ε

ts−1e2πis

1 + t
dt

=
(
1− e2πis

) ∫ R

ε

ts−1

1 + t
dt

= −2πieπis.

Therefore,

M
{
e−t

}
=

∫ ∞

0

ts

1 + t
dt

= lim
R→∞
ε→0+

∫ R

ε

ts−1

1 + t
dt

= lim
R→∞
ε→0+

(
− 2πieπis

1− e2πis

)

= − 2πieπis

1− e2πis

=
2πieπis

e2πis − 1

=
2πi

eπis − e−πis

=
π

sin(πs)
.

Since 0 < σ < 1 is a necessary and sufficient condition for the integral to
converge, as per Proposition 5, the fundamental strip is ⟨0, 1⟩.
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The main purpose of Mellin transfroms that will be discussed in this document
requires the usage of its inversion formula. For that, we will first need to mention
Fourier transforms.

Definition 8 (Fourier Transform). Let f : R → R be a Lebesgue integrable.
The Fourier transform of f , denoted F{f}, is a function of s ∈ C defined by

F{f}(s) :=
∫
R
e−2πistf(t) dt. (2)

We will now state and prove its inversion theorem (after proving a proposition
containing some useful results).

Proposition 9. Let g, φ, ψ : R → R be defined by:

• φ(ξ) := e−πξ2

• ψ(ξ) := φ(εξ)

• g(ξ) := e2πixξψ(ξ)

Then:

(a) F{φ}(y) = φ(y)

(b) F{ψ}(y) = F{φ}(y/ε)/|ε|

(c) F{g}(y) = F{ψ}(y − x)

Proof. For (a), we can complete the square and use the standard formula for
the Gaussian integral to get

F{φ}(y) =
∫
R
e−2πiyξφ(ξ) dξ

=

∫
R
e−2πiyξe−πξ2 dξ

=

∫
R
e−π(ξ+iy)2e−πy2

dξ

=

√
π

π
e−πy2

= e−πy2

= φ(y).

For (b), let u := εξ, meaning that du = ε dξ. The limits will be flipped if ε < 0,
and changing them back adds a negative sign to give us −ε = |ε|. If ε ≥ 0, then
ε = |ε| anyway. Thus,

F{ψ}(y) =
∫
R
e−2πiyξψ(ξ) dξ

=

∫
R
e−2πiyξe−π(εξ)2 dξ
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=
1

|ε|

∫
R
e−2πiy u

ε e−πu2

du

=
1

|ε|
F{φ}

(y
ε

)
.

For (c), we need to do nothing more than combine exponents, and we get

F{g}(y) =
∫
R
e−2πiyξg(ξ) dξ

=

∫
R
e−2πiyξe2πixξψ(ξ) dξ

=

∫
R
e−2πi(y−x)ξψ(ξ) dξ

= F{ψ}(y − x).

Theorem 10 (Fourier Inversion Theorem). Let f, g : R → R be functions
such that f is piecewise continuous and f, g ∈ L1(R). Assume that the Fourier
transform of f , F{f}, is integrable. Define the inverse Fourier transfrom by

F−1{g}(x) :=
∫
R
e2πixξg(ξ) dξ. (3)

Then, for all x ∈ R,

F−1{F{f}}(x) = F
{
F−1{f}

}
(x) = f(x).

Proof. First, consider the integral∫
R
e−πε2ξ2+2πixξF{f}(ξ) dξ.

As ε→ 0, the integrand converges pointwise to

e2πixξF{f}(ξ).

Additionally, we have∣∣∣e−πε2ξ2+2πixξF{f}(ξ)
∣∣∣ = ∣∣∣e−πε2ξ2F{f}(ξ)

∣∣∣
≤ |F{f}(ξ)|,

so the above integrand is dominated by a function which is (by assumption)
integrable. Thus, by the domianted convergence theorem,

F−1{F{f}}(x) :=
∫
R
e2πixξF{f}(ξ) dξ

=

∫
R
lim
ε→0

e−πε2ξ2+2πixξF{f}(ξ) dξ

= lim
ε→0

∫
R
e−πε2ξ2+2πixξF{f}(ξ) dξ
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Define gx : R → R by

gx(ξ) := e−πε2ξ2+2πixξ.

Using the results of Proposition 9, we obtain

F{gx}(y) = F{ψ}(y − x)

=
1

|ε|
F{φ}

(
y − x

ε

)
=

1

|ε|
φ

(
y − x

ε

)
=

1

|ε|
e−π( y−x

ε )
2

=
1

|ε|
e−

π
ε2

(x−y)2

= φε(x− y),

where φn is an approximation to the identity, defined by

φn(y) :=
1

|ε|
φ
(y
ε

)
.

Then,

F−1{F{f}}(x) = lim
ε→0

∫
R
e−πε2ξ2+2πixξF{f}(ξ) dξ

= lim
ε→0

∫
R
e−πε2ξ2+2πixξ

∫
R
e−2πiyξf(y) dy dξ

= lim
ε→0

∫
R

∫
R
e−πε2ξ2e−2πi(y−x)ξf(y) dy dξ

= lim
ε→0

∫
R

∫
R
e−πε2ξ2e−2πi(y−x)ξf(y) dξ dy

= lim
ε→0

∫
R
F{ψ}(y − x)f(y) dy

= lim
ε→0

∫
R
φε(x− y)f(y) dy

= lim
ε→0

(φε) ∗ f)(x).

Here, interchanging the order of integration is justified by Fubini’s theorem, as
the integrand is L1(R). Since, f ∈ L1(R), it follows that

lim
ε→0

(φε ∗ f)(x) = f(x),

Therefore,
F−1{F{f}}(x) = f(x).

Finally, by the substitution ζ := −ξ, giving dζ = − dξ (though the minus sign
is removed when we fix the limits), we get

f(x) = F−1{F{f}}(x)

14



=

∫
R

∫
R
e2πixξe−2πiyξf(y) dy dξ

=

∫
R

∫
R
e−2πixζe2πiyζf(y) dy dζ

= F
{
F−1{f}

}
(x).

Now, we can use this to easily prove the the inversion theorem for the Mellin
transform.

Theorem 11 (Mellin Inversion Theorem). Let φ(s) be analytic in the strip
a < ℜe(s) < b, and define the inverse Mellin transform by

M−1{φ}(x) := 1

2πi

∫ c+i∞

c−i∞
φ(s)x−s ds. (4)

If this integral converges absolutely and uniformly for c ∈ (a, b), then

φ(s) = M
{
M−1{φ}

}
(s) =

∫ ∞

0

xs−1M−1{φ}(x) dx.

Proof. Let s := c + 2πiξ, meaning that ds = 2πi dξ. Also, let φξ(ξ) := φ(s).
This changes the inverse Mellin transfrom of φ as follows.

M−1{φ}(x) = 1

2πi

∫ c+i∞

c−i∞
φ(s)x−s ds

=
1

2πi

∫ ∞

∞
φξ(ξ)x

−(c+2πiξ) · 2πi dξ

= x−c

∫
R
φξ(ξ)x

−2πiξ dξ

Let x := e−t. Then,

M−1{φ}
(
e−t

)
= ect

∫
R
φξ(ξ)e

2πitξ dξ,

so
F−1{φξ}(t) = e−ctM−1{φ}

(
e−t

)
.

Since φ is (by assumption) analytic in the strip ⟨a, b⟩, φξ is also analytic and
hence piecewise smooth in ⟨a, b⟩. As M−1{φ}(x) is (by assumption) absolutely
and uniformly convergent for c ∈ (a, b), φξ is L1(R). Also,∫

R
|F{φξ}(y)| dy =

∫
R

∣∣∣∣∫
R
e2πiyξφξ(ξ) dξ

∣∣∣∣ dy
converges (though I am currently unable to prove this). By the Fourier inversion
theorem,

φ(s) =: φξ(ξ)

= F
{
e−ctM−1{φ}

(
e−t

)}
(s)
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=

∫
R
e−2πitξe−ctM−1{φ}

(
e−t

)
dt

=

∫
R
e−t(c+2πiξ)M−1{φ}

(
e−t

)
dt

=

∫
R
e−stM−1{φ}

(
e−t

)
dt.

Converting from t to x using dx = −e−t dt = −x dt (minus sign in front of e−t

will fix the limits) gives us

φ(s) =

∫ ∞

0

xsM−1{φ}(x) · 1
x
dx

=

∫ ∞

0

xs−1M−1{φ}(x) dx

We now have everything we need to prove Ramanujan’s master theorem.

Theorem 12 (Ramanujan’s Master Theorem). Let φ(z) be an analytic
function defined on the half-plane

H(δ) := {z ∈ C : ℜe(z) ≥ −δ}

for some 0 < δ < 1. Suppose that, for some A < π, φ satisfies the growth
condition

|φ(v + iw)| < CePv+A|w|

for all z := v + iw ∈ H(δ). If f : R>0 → C is defined by

f(x) :=

∞∑
n=0

(−x)nφ(n),

then

M{f}(s) =
∫ ∞

0

f(x)xs−1 dx =
π

sin(πs)
φ(−s) (5)

for all 0 < ℜe(s) < δ.

Proof. Let 0 < x < e−P . Since

lim
n→∞

n
√
|(−x)nφ(n)| = lim

n→∞
n
√
|xnφ(n)|

< lim
n→∞

n

√
|e−nP · CenP |

= lim
n→∞

n
√
|C|

= 1,

by the root test, our sum converges.

Now, consider the integral

M−1

{
π

sin(πs)
φ(−s)

}
=

1

2πi

∫ c+i∞

c−i∞

π

sin(πs)
φ(−s)x−s ds.
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Contour integration and an application of the residue theorem shows that

M−1

{
π

sin(πs)
φ(−s)

}
=

1

2πi
· 2πi

∑
Res(f, an)

=
∑
n∈Z≤0

lim
s→n

π(s− n)

sin(πs)
φ(−s)x−s

=

∞∑
n=0

lim
s→−n

π(s+ n)

sin(πs)
φ(−s)x−s

=

∞∑
n=0

πφ(n) lim
s→−n

(s+ n)

xs sin(πs)

=

∞∑
n=0

πφ(n) lim
s→−n

1

ln(x)xs sin(πs) + πxs cos(πs)

=

∞∑
n=0

πφ(n) lim
s→−n

1

πxs cos(πs)

=

∞∑
n=0

πφ(n) · 1

π(−1)nxs

=

∞∑
n=0

(−x)nφ(n)

=: f(x)

for any 0 < c < δ. Additionally, the integral converges absolutely and uniformly
for c ∈ (a, b) for any 0 < a < b < δ. Therefore, by the Mellin inversion theorem,∫ ∞

0

f(x)xs−1 dx =
π

sin(πs)
φ(−s).

The substitution φ(s) := λ(s)/Γ(s+ 1) converts the statement of Ramanujan’s
master theorem to

f(x) :=

∞∑
n=0

(−x)n

n!
λ(n)

giving

M{f}(s) =
∫ ∞

0

f(x)xs−1 dx = Γ(s)λ(−s). (6)

Corollary 12.1 (Glaisher’s Theorem). Let f : R>0 → C be an even function
such that ∫ ∞

0

f(x) dx

exists, and

f(x) =

∞∑
n=0

(−1)ncnx
2n

is valid in a neighbourhood around x = 0. Assume that f satisfies the conditions
of Theorem 12. Then, ∫ ∞

0

f(x)dx =
π

2
c− 1

2
(7)
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Proof. Rewrite the series expansion of f(x) as

f(x) =

∞∑
n=0

(−x2)n

n!
n!cn.

Let φ(n) := n!cn and let g(x2) := f(x), so

g(x) =

∞∑
n=0

(−x)n

n!
φ(n).

Using the substitution y := x2, which gives dy = 2x dx⇝ dx = dy/2
√
y, we get∫ ∞

0

f(x) dx =

∫ ∞

0

g(x2) dx =
1

2

∫ ∞

0

g(y)y−
1
2 dy

By Ramanujan’s master theorem,∫ ∞

0

f(x) dx =
1

2
Γ

(
1

2

)
φ

(
−1

2

)
=

1

2
Γ

(
1

2

)(
−1

2

)
!c− 1

2

=
1

2
Γ

(
1

2

)
Γ

(
1

2

)
c− 1

2

=
1

2

√
π ·

√
π · c− 1

2

=
π

2
c− 1

2
.

Example 13. Consider the Dirichlet integral:∫ ∞

−∞

sinx

x
dx = 2

∫ ∞

0

sinx

x
dx.

Since
sinx

x
=

∞∑
n=0

(−1)n

(2n+ 1)!
x2n,

Our coefficient cn is given By

cn =
1

(2n+ 1)!
.

Therefore, by Glaisher’s theorem,∫ ∞

−∞

sinx

x
dx = 2 · π

2
c− 1

2

=
π

(2(−1/2) + 1)!

=
π

0!
= π.
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