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The Mellin transform is an integral transform, similar to the Laplace transform
and the Fourier transform. Whilst it has many applications in mathematics,
physics, and engineering, we will focus on proving a particular theorem related
to the transform: Ramanujan’s master theorem.

Definition 1 (Mellin Transform). Let f: R.o — C be a function of ¢t. The
Mellin transform of f, denoted M{f}, is a function of s € C defined by

MU = [ feta, 1)

0

wherever this integral converges.

Definition 2 (Fundamental Strip). Let o, € R, and let the open strip
(a, B) be defined for all s € C such that s :== 0 4+ it and & < ¢ < 8. The
fundamental strip of M{f}(s) is the largest open strip on which it is defined.

We can evaluate the Mellin transform of various functions and determine their
corresponding fundamental strips.

Example 3. Let the function f: R.g — C be defined by f(t) := e~t. The
Mellin transform of f is then given by

M {eft} = / et dt = I(s),
0

where I is the gamma function. AsT'(s) is analytic for Re s > 0, the fundamental
strip is (0, +00).

Example 4. Let the function f: Ryg — C be defined by

1
t) = ——.
1) 1+t
The Mellin transform of f is given by
oo ts_l

dt.

MU@H) = [

o 1+t

First, we wish to show that this integral converges and under what conditions
that happens.



Proposition 5. The integral

MU@H) = [

o 1+t

jes} ts—l

dt

converges if and only if 0 < Res < 1.

Proof. Let o := Res and 7 := Sms giving us s = o + 7i. We can rewrite our
integral and split it as follows.

o] 25571 o] t071+'ri
/ dt = / dt
o 1+t o 1+t
oo to'flt‘ri
- / dt
o L+t
[eS) to—l Tilnt
- / T g
o 1+t

:/‘X’ t°~ 1 cos(TInt) dt+i/oo t?~lsin(rInt) Q.
o 1+t o 1+t

T J

Note that M{f(t)}(s) will converge if and only if both Z and J converge.
Consider Z and split it into two integrals.

/°° to~1 cos(TInt) dt:/l t°~1cos(TInt) dt+/°° t°~1 cos(TInt) dt
o 1+t 0 1+1¢ . 1+1¢

Ty Zs

Again, Z will converge if and only if both Z; and Z, converge. For the integral
from 0 to 1, the integrand is continuous everywhere on the interval except at
t = 0. We can bound the integral above as follows.

1 ,0—1 1 o—1
/ t7~ 1 cos(TInt) dtg/ t cos(Tlnt)‘dt
0 1+t 0 1+t
1 t(rfl
§/ dt ‘rcosx <1
o 1+t
! 1
g/ t7tdt —— < 1fortel0,1].
0 1+t

Since ¢ > 0, the last integral converges, so Z; converges as well. For the 7,
first note that

1 tafl
t

<t0'72.
1+t~

1
14t>t = — <
1+t

Using this, we get

o0 yo—1 o0 yo—1 [ee]
/ 77 cos(rnt) b / P < / 172 dt.
1 1+t 1 1+t 1

Since o < 1, the last integral converges, so Zy converges as well. It thus follows
that Z converges. It can similarly be shown that J converges. Therefore, if
0 <o <1, then

jee} ts—l

dt

MU = |

o 1+t



converges.

We now wish to show the converse. As the contrapositive of the converse — ‘if
o <0 or o > 1, then the integral diverges’ — is equivalent to the converse itself
(and easier to work with), we will prove that instead. First, consider the case
where s € R; note that the integrand is positive. If s = ¢ > 1, then

o0 ¢s—1 o dt
dt > —
A L 14t
/1 s—1 /1 dt /1 dt
—dt > —_> it
o 1+t o t(1+1) 0 2t

Either way, for s € R, a part of M{f(¢)}(s) is bounded below by a divergent
integral, so M{f(¢t)}(s) diverges. Otherwise, consider s ¢ R, meaning that

7 # 0. Without loss of generality, assume that 7 > 0. Consider J under the
substitution ¢ = e*.

00 4o—1 o} oo (o—1)z o
/ t7 *sin(r1nt) &t :/ e sin(7x) o di
0

If s =0 <0, then

1+1¢ oo 1+e®
oo OX o3
_ / e?® sin(7x) iz
oo 1t+e”

Let

bk O o3
e’®sin(rx)
= —=d
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where k € Z~,
_ 2k

and

If o > 1, for x > 0, we have

As J; > 0 for all k,

by oz o 1 b 1
/ e sin(rz) dx > f/ sin(rz) dx = —.
a 2 T

. 1+e®

If o ow
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converges, then



exists, which would be true only if there exists some zy € R such that

Rl R2 oz
e?“sin(rx) e’ sin(rx) 1
|/ 1+ e dx_/,oo 1+ e dm‘<27

for all Ry, Ry > zo. Assume, for the purpose of contradiction, that such an xg
exists. As Inap — oo and Inb, — oo, there exists some k such that Inby >

Inag > zg, and
/b" €7 sin(rz) dgc—/ak e’ sin(1z) del — /b’“ e’® sin(rx) i
1+e* oo l+e® ax 1+e*
1
-
1
5

Vv

This is a contradiction, so there cannot exist such an xy. Thus, if o > 1,

o0 LoT o3
/ e’ sin(1x) s
B

diverges if, meaning that J diverges as well. Therefore, if o > 1,
o] tsfl

1+1¢

MUY = [
0

diverges. A similar argument works to show that it diverges if o < 0; we would

consider negative k. Hence, if 0 < 0 or ¢ > 1, the intergral diverges — and the

contrapositive of the statement is true as well. That finally completes the proof

that the integral converges if and only if 0 < o < 1. O

There are various ways to evaluate this improper integral. One way is via
contour integration. Consider

Zsfl

142

for z € C. The numerator can be rewritten as e log 2 term, which is mul-
tivalued if s ¢ Z; we need to choose a branch of the logarithm. Choose the
branch such that the argument of the logarithm ranges from 0 to 2m, and let
the branch cut be at the positive real axis. That is, given z = €%, we have
log z == In|z| + 6, where 0 < 6 < 2w. Let the function g: C\ {0,-1} — C
defined by

s—1)

s—1

142’

with the branch that we have chosen. This function has a simple pole at (—1,0).
The residue of the pole is given by

g(2) =

Res(g, —1) = lim (z — (=1))g(2)

z——1



There is also a singularity at the origin, as long as s ¢ Z>1. If s € Z<4, then
the singularity is a pole of order 1 — s whose resiude is given by

Res(g,0) = L lim d;_ss [(z—0)'"*g(2)]

I
s 250 d2l |1+ 2
1 _1)\s
O e )

[s|! z=0 (1 + 2)1—s

(e

|s!

Otherwise, the singularity is a branch point. Both singularities, as well as the
possible branch cut, are shown in Figure 1.

Let I3 and Il be horizontal lines from (R,d) to (g,6) and (R,—4) to (g,—0)
respectively. Then, let T be the circular arc going from (R,d) to (R, —0) and
let v be the circular arc going from (¢,—¢) to (¢,d). Consider the contour C'
defined by C' := I' Uly U~y UIl;. This is a positvely-oriented circular keyhole
contour, as shown in Figure 1.



-R

Figure 1: The complex contour C'

By the residue theorem, the contour integral along C' is given by
74 g(2)dz = 2mi Res(g, —1) = —2mie™*
c

We can also consider the contour integral along C as the integrals along the
four parts of C.

?ég(z)dz:/Fg(z)dz—|—/ﬂyg(z)dz+/l1 g(z)dz—k/l2 9(z)dz

The integral along I; can be evaluated via the parameterisation z(t) == t + ¢

for ¢t € ¢, R)].
Zlfs
/llg(z)dz .—/Il 1+Zdz

Y N CIG)
7/5 T2 Z'(t)dt

R \s—1
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We only care about this in the limit as § approaches 07.




Proposition 6.

R Ns—1 R Ns—1
lim/ %dt—/ lim %dt

50+ 1+t+d60 50t 1+t+5i

Proof. Let (ws, ) be the sequence of functions where

(t+ 0pd)*t
1+t+0pni

Ws,, =
for t € [e, R], and (d,) — 0% is arbitrary. Since ¢ > 0, we have t + §,7 — ¢ and
arg(t + 0,1) — 0 as n — oco. Thus,

tsfl
1+t

lim ws = lim ws =
§—0+ On n—00 on

pointwise for ¢ € [e, R]. Now, we wish to show that the sequence is dominated
by an integrable function. Let o := Res and 7 := Sms. Then,

|(t 4 6ni)* ] = |(t + 0,4)7 7|
(o—1471) log(t+d,1)

= |e

_ 6(071+Ti)(1n\t+5ni\+iarg(t+6ni))‘

— 6(a'—l) In|t+8,1| eri In|t+68,1| —1arg(t+d,1)

‘ 6(a'— 1)iarg(t+0n1)

e

_ e(a—l)ln|t+6n,i\ e arg(t+0n1)

|t + 67”-‘071 . ef'rarg(tqténi).

Due to the branch of the logarithm we have chosen, arg(t+d,%) € [0, 27). Thus,
’(t+(5ni)5_l| — |t+5ni|0_l . e—Targ(t-ﬁ—&ni)
<t 46,07 e
= |t + 6,17t
if >0, and

’(t + 5n7:)571| = |t + 5n7;|‘7*1 e T arg(t+0n1)
<t + Gpil7 L e

[SE]

if 7 < 0. This bound is independent of §,, and ¢. Additionally, as t > & > 0,

1 1

14+t+6,il=v/(14+8)24+62>14+t = < )
|1+t + 6, (I+t)24+2>1+ T tro S 111

Since o < 1,

|t—|—5ni|170 > tlfa
= [t 46,07t > 7L



Using these bounds, we have
R
S Tt Oy
‘t + 5ni|071 e T arg(t+0,1)
N |14t + 6,1
Alt + 6,471
T 1+t + i
Aot
< N 4
T 1+t
where A is a constant. We now have a dominating function which is integrable
on [g, R]. Therefore, by the dominated convergence theorem,

lim /Rwﬁs*dt:/’% i (LH0 0
5—0t J. 1+t+di . oo0t 14+t+6i

By Proposition 6,

lws,,

50+ 1+1¢

The integral along I can be evaluated via the parameterisation z(t) := (e + R —
t) —di for t € [¢, R].

Zs—l
/l2g(Z)dZ .:/l2 1+Zdz

N N CI0)
._/6 Tz(t) -2 (t) dt

R _+_ S)s—1
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R ts—l
lim g(z)dz = / dt.
ll €
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__ / =0
e 14+t—4i
We want this in the limit as § appraoches 07. A similar argument to that found

in the proof of Proposition 6 will justify interchanging the limit and integral
here.
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It happens to be the case that (under certain conditions) the integrals along I'
and v vanish in the required limits, as is shown in Proposition 7.

Proposition 7.

lim lim [ ¢g(z)dz= lim lim /g(z) dz=0
R—o0 60t Jp R—005—0% J,
e—0" e—0T



Proof. The arc length of I is that of a circle minus the gap on the right. Denote
the arc length of the gap as Ar. The gap arc is that of a sector of a circle with
radius R such that the length of the chord that subtends the arc is 24.

Denote the central angle of the gap as . We have an right-angled isosceles
triangle where the two equal sides have length ¢, the angle between them is
0r/2, and the hypoteneuse has length R. By some trigonometry,

N
sin{ o | = &
Or = 2arcsin (]i) .

The arc length, Ar, is given by

Thus

)

Ar = QL - 2 arcsin <;> -2mR = 2R arcsin (;) .

™

Therefore, the arc length of T, denoted L(T'), is given by
)
L(T") =27 R — 2R arcsin =)
Similarly, the arc length of ~, denoted L(T), is given by

L(v) = 2we — 2e arcsin (i)

Now, we need to find constants Mr and M, that bound |g(z)| on I' and ~
respectively. Given s =: o + 7i, we have

’ZS_l‘ — |Z|a—1 . e—rarg(z).

As arg(z) € [0,27), e~ 728() is bounded by some constant, which we will label
A. Thus,

21| < Al
By the reverse triangle inequality, we have
2+ 1] 2 |[z] = [1]] = []2[ = 1].

If |z| > 1, then
2+ 1] = [2] -1

Otherwise, |z| < 1, and we have
lz2+1 = =(lz[ = 1) > [2] - 1.

We can see that the inequality holds for all z € C. Hence,

21>z —1 = <

|z + 1] |2] =1



Puting these bounds together, we get

zs—l

1+=2
2]
T 1+ 2|

Alz|7!
~ o lzl-1"

l9(2)| =

We thus arrive at the upper bound for ¢g(z) on T, given by

AR
Mr = .
" R-1

By the estimation lemma,

/F g(2)dz| < MrL(T)
e A a—a)

= 24R7 — arcsin é
"R \" R
In the limit as § — 0T, we have

2AR° ) 2rAR°
< i — 1 — —
/Fg(z) dz| < 613& . (7r arcsin < )) .

Since o < 1, this will converge to 0 in the limit as R — oo (we need to use
L’Hopital’s rule once).

lim
§—0t

2rAR?
lim lim /g(z) dz| < lim T = lim 270AR ™' =0
R—00 601 | /1 R—o0 - R—o0
e—0" e—0" e—0T

Therefore,

lim lim [ g(z)dz=0.
R—o006—0t1 Jp
e—=0T

For «, we have the upper bound given by

Agafl

M, : .
v e—1

By the estimation lemma,

Lg(z) dz

< MyL()

A o—1
_ 2L (27‘(6 — 2¢ arcsin <5>)
e—1 €
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)
= m — arcsin | —
e—1 €

In the limit as 6 — 0T, we have

. 2Ae° . [0 21 Ae?
g(z)dz| < lim m—arcsin | — | | =
~ =0t e —1 € e—1

Since o > 0, this will converge to 0 in the limit as e — 0.

lim
d—0t

21 Ae®

lim lim /g(z)dz < lim — S

R—00 §—0+ R—oo € —1

e—0t v e—0t

Therefore,

li li dz = 0. O
i, [ o)
e—0t

Putting this all together,

%g(z)dz:/ 9(2) dz—i—/ g(z)dz
c I8 Iy
R ;s—1 R ;s—1 27is
:/ t dt—/ e g
e 141 - 1+t

_(1_ 27ris) /R t871 dt
e 1+t

= —2mie™**.

Therefore,

_ oo ts
./\/l{e t}:/o 1+tdt

R tsfl
lim / dt
R—oo [, 1+t

e—0t

. 2mie™ts
lm ( ————
R—o0 1-— 627”5

e—07T

2mie™?
] — e2mis
2mie™?
e27ris -1
211
em’s _ e—wis
™

sin(rs)’

Since 0 < o < 1 is a necessary and sufficient condition for the integral to
converge, as per Proposition 5, the fundamental strip is (0, 1).
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The main purpose of Mellin transfroms that will be discussed in this document
requires the usage of its inversion formula. For that, we will first need to mention
Fourier transforms.

Definition 8 (Fourier Transform). Let f: R — R be a Lebesgue integrable.
The Fourier transform of f, denoted F{f}, is a function of s € C defined by

FUN) = [ e ) ar @)
We will now state and prove its inversion theorem (after proving a proposition
containing some useful results).
Proposition 9. Let g, 0,1: R — R be defined by:
o p(¢) = e
o 0(6) = pl=6)
o 96) = ()
Then:
(a) F{e}(y) = ¢(y)
(b) F{uHy) = Fle}w/e)/l|
(¢) Flghy) = Flu}y - o)

Proof. For (a), we can complete the square and use the standard formula for
the Gaussian integral to get

Flo}y) = /R e (£ de

- / e~2mE " e
R

:/(;W(Eﬂy)zeﬂry2 d¢
R

™ .2
= —E€ Y
m

= e_ﬂ'yz

= p(y). O

For (b), let u := &£, meaning that du = € d¢. The limits will be flipped if € < 0,
and changing them back adds a negative sign to give us —e = |¢|. If £ > 0, then
€ = |e|] anyway. Thus,

Flw}y) = /R ¢~ 2mVE(£) d

:/e—QTriyfe—ﬂ'(e&)z d¢
R

12



:i/e—%riy%e—wuz du
le| Jr

fi]:{ }(g) O
A

For (c), we need to do nothing more than combine exponents, and we get

Flay) = [ e o(6)de
:/Refhriy{e%rizﬁb(g) d{

= [t ac
= F{y}y - 7). =

Theorem 10 (Fourier Inversion Theorem). Let f,g: R — R be functions
such that f is piecewise continuous and f,g € L(R). Assume that the Fourier
transform of f, F{[f}, is integrable. Define the inverse Fourier transfrom by

FHoHa) = [ motle) ds 3)
Then, for all x € R,
FHF{ =) = F{FHI (@) = f(a).

Proof. First, consider the integral

[ e r gy e
R
As e — 0, the integrand converges pointwise to

ST F{F}HE).

Additionally, we have

eI () ()] = e F ) )
< IFUNE,

so the above integrand is dominated by a function which is (by assumption)
integrable. Thus, by the domianted convergence theorem,

FOUFUN @) = [ SF e de
R
= [t e ) ) dg
RE—0

1 —7r€2£2+27riw§
=lim [ ¢ FIHE) de
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Define ¢g,,: R — R by
—me2e? fomix
9:(€) = e SRS,

Using the results of Proposition 9, we obtain

Flg2y) = F{v}y — =)
- 27 (122)

le]

_ 1 s
lel

= (7 —y),

where ¢, is an approximation to the identity, defined by

on(y) = éw (g)

Then,

FHF( P @) = lim [ e = 2T f) () d

e—=0 Jp

— lim 6771'€2§2+27Ti(12€\/ 6727riy§f(y) dy df

e—0

R R

_ gl_%/ / e*ﬂ€2§2672ﬂ'i(y7$)§f(y) dy d¢
R JR

= gi_i%/ / 67ﬂ5262672ﬂi(y7w)6f(y) dg dy
R JR

= tim [ F{oHy o)) dy

=lim [ pe(z —y)fy) dy
e=0 Jp

= lim (@) * f) ().

e—0

Here, interchanging the order of integration is justified by Fubini’s theorem, as
the integrand is £!(R). Since, f € £L1(R), it follows that

lim (0 ) () = f(2),

Therefore,
FHF (I} =) = f(=2).

Finally, by the substitution ¢ := —¢, giving d¢ = — d¢ (though the minus sign
is removed when we fix the limits), we get

f@) =F H{F{f}}H)

14



://627ria;£e—27riy£f(y) dydf
R JR

— / / e—2wixce2winf(y) dde
R JR
= F{FH @) =

Now, we can use this to easily prove the the inversion theorem for the Mellin

transform.

Theorem 11 (Mellin Inversion Theorem). Let ¢(s) be analytic in the strip
a < Re(s) < b, and define the inverse Mellin transform by

1 ct+100
M7 Hp}(z) = o— p(s)z=" ds. (4)

2mi c—100

If this integral converges absolutely and uniformly for ¢ € (a,b), then
Pls) = MIM )} (o) = [ o M () da
0

Proof. Let s := ¢ + 2mi§, meaning that ds = 2mid{. Also, let @¢(§) = ¢(s).
This changes the inverse Mellin transfrom of ¢ as follows.

c+ioco
M o} (x) 1/ p(s)e* ds

N 277” —1300
1 > —(c+27e .
= [ pe(©a 0 ami e

= fc/ﬂg%(i)ﬂ?img dg

Let 2 := e~ . Then,

Mg} () = / pe(€)e?it de,
R

F Hpe}(t) =e "M e} (e77).

Since ¢ is (by assumption) analytic in the strip (a, b), ¢ is also analytic and
hence piecewise smooth in (a,b). As M~1{p}(z) is (by assumption) absolutely
and uniformly convergent for ¢ € (a,b), ¢ is L!(R). Also,

[1Feawia= [ \ / e”%g@)df\dy

converges (though I am currently unable to prove this). By the Fourier inversion
theorem,

o(s) = ¢e(§)
= f{ef‘:t./\/lfl{go} (e*t)} (s)
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— / 6—27rit£6—ctM—l{(p} (e—t) dt
R

— / G_t(c+2ﬂi5)./\/l_1{§0} (e—t) dt
R

- / e M} () dt.

Converting from ¢ to z using dz = —e~'dt = —x dt (minus sign in front of e*

will fix the limits) gives us

o) = [ oM} T

0

= /OOO I M) () da

We now have everything we need to prove Ramanujan’s master theorem.

Theorem 12 (Ramanujan’s Master Theorem). Let ¢(z) be an analytic

function defined on the half-plane
H(6) ={z € C:Re(z) > -0}

for some 0 < § < 1. Suppose that, for some A < w, @ satisfies the growth

condition
lp(v + iw)| < CePvHAlvl

forall z:=v+iw e H(J). If f: Rsg — C is defined by

f@) = Yo (=),
n=0
then -
M) = [ pa e = (o)

for all 0 < Re(s) < 4.

Proof. Let 0 < x < e~ . Since
tim_{/[(~2)e(m)] = lim {/eo(n)]

n—oo
< lim y/|e~nP . CenP|
n—oQ

C|

= lim ¥
n— oo

:17

by the root test, our sum converges.

Now, consider the integral

M~ {sin?m)‘p(_s)} - % /:HOO sinz:rs)w(_s)zisds'

—100
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Contour integration and an application of the residue theorem shows that

-1 T —8) ¢ = 1 0 es(f,a
M {sin(ﬂs)sp( )} 2mi 2 ZR (f, an)
= Z lim Mgp(—s)x_s

et " sin(ms)

= Z lim Ln)ga(—s)x_s

s——n sin(ms)

— Z mp(n) lim m

1
= li
ngo '/TSO( simn ln( )xs Sin(ﬂ'S) + s COS(?TS)

li _

Z me(n) 0 s cos(7s)
1

Z 7T(p )nxs

- Z(_x
n=0
= f(z)

for any 0 < ¢ < §. Additionally, the integral converges absolutely and uniformly
for ¢ € (a,b) for any 0 < a < b < §. Therefore, by the Mellin inversion theorem,

> s—1 . 0 —g
/0 flz)z®Hdx = sin(ﬂs)@( ). O

The substitution ¢(s) == A(s)/T'(s + 1) converts the statement of Ramanujan’s
master theorem to
o0
-3 57

n=0

n

giving
M{f}(s) / f(2)e* "V dx = D(s)A\(—s). (6)

Corollary 12.1 (Glaisher’s Theorem). Let f: Rsg — C be an even function

such that -
| @
0
exists, and
fl@) = (=1)"epa™
n=0

is valid in a neighbourhood around x = 0. Assume that f satisfies the conditions

of Theorem 12. Then,
o ™
/0 fla)dz = Ze_y (7)

17



Proof. Rewrite the series expansion of f(x) as

n=0

Using the substitution y := 2, which gives dy = 2z dx ~» dx = dy/2./y, we get

/Ooo f(w)dx—/ooog(ﬁ)dx— ;/Ooog(y)yédy

By Ramanujan’s master theorem,

| s

—

—

—
T N T N N
N = N~ N~
N—— —
= —~ €

|
N = N =
N—— —

S

|

[

B
R

N IN— NI—= = N =

[N

Example 13. Consider the Dirichlet integral:

oo : o0 :
sinx sin x
/ dr = 2/ dr.
— 00 X 0 X

Since

Therefore, by Glaisher’s theorem,

0o .
/ Smxdaz:?zc
T 2

— 00

2(-1/2) + 1)!

39y
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