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1 Introduction

The Dirichlet integral, which I will denote with Z, is a pretty well-known integral
with quite a few ways to evaluate it. I will attempt to outline as many of those
ways as possible. Below is Z and the value we claim it has.
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Firstly, whilst some sources may refer to the integral with limits 0 and oo as
the Dirichlet integral, I will refer to the one above. Due to the fact that the
integrand is an even function, it is clear that these two integrals differ by a
factor of 2. This is a result that is pretty important, and one that we will use
to evaluate Z.

The integrand is undefined at © = 0. However, this will not be a problem
when we try to integrate it, as the discontinuity is removable. The limit of the
integrand as x — 0 exists and is equal to 1; it is one of the most famous limits.
Besides z = 0, the integrand is defined everywhere.

2 Convergence

Before we actually evaluate the Dirichlet integral, we should show that it actu-
ally converges. It turns out Z does converge, but only conditionally.

Proposition 1. The integral
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Now, consider the statement |at1| < |ak| for all k. We can show that this is
true using the fact that |sin(mw(k + 1) + ¢)| = |sin(7k + ¢)| for all ¢, and thus
|sin(m(k+1) +¢)|  |sin(wk +t)]
< .
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Therefore,
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Additionally, from Figure 1, it can be seen that is positive for even k and
negative for odd k. Via the alternating series test, it follows that
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also converges. As the integrand is an even function, Z converges and evaluates
to twice the above integral. O

converges, and therefore

Proposition 2. The integral
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diverges.

Proof. 1t suffices to show that
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diverges, for which it suffices to show that
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diverges. To do this, we will use the fact that
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> -
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for all x € [k, 7(k + 1)]. This allows us to obtain a lower bound for |ag|.
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3 Laplace Transform

Definition 1 (Laplace Transform). Let f : Ryg — R be a function of t. The
Laplace transform of f, denoted .Z{f}, is a function of s € C defined by

oo

LU (s) = /0 TSty dt = lim [ eS8 dt, )

e—=0t J,

wherever this integral converges. Note that this is specifically the definition of
the Laplace transform of a function with a discontinuity at * = 0, as that is
what we are working with.

Now, let us derive a property of the Laplace transform that we will use to
evaluate the Dirichlet Integral.

Proposition 3. If

[0y
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converges, then

{1 o= [ 2uon0 . ®

Proof. We can write

/000 @e‘“dt = /000 /:O e P f(t)| dp dt.

The absolute convergence of the double integral justifies swapping the order of
integration by Fubini’s theorem. Thus,
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It would make sense to first show that the condition for Proposition 3. That is,

we need to show that
0 |gint
.,2”{ } (s) = / Me‘“ dt
0 t

converges, which is pretty easy to do via the comparison test. By the mean
value theorem, there exists £ € Ry such that
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for s > 0. Now we will evaluate the Laplace transform of f(¢) = sint first, which
involves standard integration by parts.
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We can evaluate Z rather easily with these results.
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Whilst this was a ”simple” evaluation, there is a caveat. We interchanged a
limit and an integral, which we can show to be valid via the final value theorem
for Laplace transforms.

Proposition 4.

o0 . o0 .
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lim ——e dx = lim e *Tdx
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Proof. Let h: Rsg — R, where

Let

which converges for © — oo by Proposition 1. Note that f/(t) = h(t). Consider
the following application of integration by parts: for s > 0,

t—o00

s /0 T e dt = —et f (1)

+/0 et/ (t) dt

t—0

= f(0) +/OOO e *'h(t)dt



= / e Sth(t) dt.
0

By the final value theorem, the LHS converges to lim,_, f(x) as s — 0. Hence,

. sinz _ sinz . sinz _
lim e T dx :/ dx :/ lim e T dx.
0 0

s—0 0 €T x s—=0 X

4 Double Integration

The first method relied on a property of the Laplace transform, which itself
relied on the ability to change the order of a double integral. We can strip
away a lot of the set-up by immediately turning our problem into one of double

integration.
* sinx
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[
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sinx dz dp
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The way we have done things here appears to omit the problem regarding limits
and integrals which was previously resolved by Proposition 4. However, it has
simply been translated into a problem regarding swapping the order of inte-
gration. Fubini’s theorem no longer justifies it due to the integral not being
absolutely convergent.

(o) oo (o) :
/ / e~ ¥ sinx| dp dx :/ Mdm,
o Jo 0 93

which is divergent by Proposition 2. This could be resolved by rewriting the
integral as the limit of a Laplace transform as we have done before. However,
there is an alternative method as I will illustrate.

Theorem 5 (Weierstrass M-test for Integrals). Suppose M (x) is nonneg-

ative on [a,b),
b
[ v

converges, and |f(x,y)] < M(z) for ally € S and for all x € [a,b). Then,

/abf(x’y) dx

converges absolutely uniformly on S.



Proposition 6.

o0 o0 o0 o0
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Proof. Since the integrand is continuous, Fubini’s theorem permits changing the
order of intergration on the bounded rectangle

b pd d b
//efwsinxdxdgaz/ / e ¥Tsinx dpdz,

where 0 < a < b and 0 < ¢ < d. The inner integral on the RHS can be shown
to be uniformly convergent for x € [c, d] via applying the Weierstrass M-test as
a — 0 and b — oco. Note that

‘e_‘” sinx’ =e ?|sinz| < e T < eT¥C

It is true that e~¥¢ is nonnegative on [a,b) and

> 1
/ e ¥dp=-
0 c

converges for all ¢ > 0. All the conditions of the Weierstrass M-test have been
satisfied and uniform convergence for x € [c,d] is shown by Theorem 5. It thus
follows that we may pass the limits under the RHS integral.

oo pd d b
/ / e ¥*sinxdrdp = lim / / e"¥Tsinx dp dx
0 c a0 /o a

b— oo

d b
= / lim / e ¥Tsinx dp dx
c =0 J,
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d 0
= / / e ¥Psinx dpdr
c 0

We wish to do the same for the LHS integral with the limits ¢ — 0 and d — oc.
We know that the inner integral converges pointwise to the Laplace transform
of sinx. Also, note that (using integration by parts)
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where A is a constant. This bound holds because
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and f(x) = pe ¥?sinz has a maximum for z € [0,00) at z* = arctan (é),

where

1 1
fl@*) = goe_“”aman(i) sin (arctan ()) = ¢e—¢arccan(i)72 <1
® 1
1+ (1)
We now have a function that dominates the integral, and it can be shown that
it is (Lebesgue) integrable on (0, c0):

o 1 * 1 T
7d = 76‘[ - —.
/0 ’w2+1’ v /0 P +19% 73

Let (¢,) — 0 and (dy,) — oo be arbitrary. Then,

d dn
lim e ¥sinxdpdr = lim e ¥Tsinxdpdr.
c—0 /. n—oo [,

d—o0

We can now apply the dominated convergence theorem (DCT). Therefore,

/ / blnxdgoda:— hm / / e ¥Tsinx dr dy
= lim / / Tsinzdr dy
n—oo Cn

/ lim / e PTsinx dx dy
n—oo
/ / *sinx dz dep.

5 Differentiation under the Integral Sign

This method is similar to the previous two. We will use differentiation under
the integral sign, also known as the Leibniz rule or Feynman’s trick. We want
to first parameterise the integral in terms of the variable a. Let

Z(«) ::/ we*‘”dx,
0

T

where o > 0 (we have previously shown that this converges for these values of
«). This means that our target integral is given by

7= / ST dw = 27/0).
x

— 00

The derivative of the integrand with respect to « is

0 sinx _

—am -
= —¢ sin z.
Ja x
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The integral of this, as @ — 0 and b — oo, uniformly converges for all o €
[e,d] C (0,00) by Theorem 5 (Weierstrass M-test for Integrals) via the same
logic as that used in the proof of Proposition 6; this justifies differentiating

under the integral sign. Then,
dz d [*sinz __,
— = — —e “dx
da  da J x

oo 8 :
sinx _
= ——e “Wdx
o Oa x

o
z—/ e “sinx dx
0

= —Z{sinz} ()

Integrating with respect to « gives
da
I(a) =— | —— =C —arctan«
We have to evaluate the constant of integration. In this particular case, we take
the limit of Z(a) as @ — 0.

* sinx

lim e *dx = lim [C — arctan o]
a—oo [ x a—00

oo .
. sinx _ .
~ / lim e “dxr=C— lim arctana
0

a—oo I a—00
e ™
O0de=C— —
- /0 . d
™
7r
~ C=3
Therefore,
I(a) = g — arctan a.
Finally,
7 =27(0)
=2 (g — arctan 0)
—9.7
2
=.

To justify swapping the limit and integral above, we can use the initial value
theorem for Laplace transforms.

Proposition 7.

o - oo .
. sinz _ . sinx _
lim —e Ydr = lim e “"dx
a—oo [ x g @00 I
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Proof. Consider the proof of Proposition 4, including its definitions of h and f.
Then, for o > 0, we have

> —at _ > —at
oz/o e f(t)dt—/o e “"h(t) dt.

By the initial value theorem, the LHS converges to lim, o f(z) = 0 as o — o0.

Hence
’ ® sinx & sinx
lim —e Tdr=0= lim e Tdzx.
a—r o0 0 €T 0 a—r o0 x

6 Contour Integration

Let f: C\ {0} — C be defined by

By Euler’s formula, for z € R,

However, note that

I::/ Smxdm#%m(/ eclz),
oo T oo 2

as the latter integral does not converge due to the singularity at z = 0. We
will create a complex contour which avoids this singularity. Let I" be the arc of
radius R centered at the origin connecting R and —R anticlockwise, and let v
be the arc of radius € centered at the origin connecting —e and e anticlockwise.
Now, let C :=T U[-R,—e] U~y U e, R]. This is a closed semicircular keyhole
contour, as shown in Figure 2.
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Figure 2: The complex contour C'

f(z) is holomorphic inside C. Therefore, by Cauchy’s theorem,

ﬁf(z) dz = 0.

Additionally, we can split this contour integral into four parts.

ﬁj@ﬁhzf@ﬁk+;f@ﬂw+ﬁfﬁﬂz+lRﬂ@dI

Consider the the second and fourth integrals.

R —& R iz —€ iz
/ f(x)dz + f(x)dz:/ e—daﬁt/ € dx
€ —-R e T R X
R _ix g _—ix
:/ e—d:zqu/ ¢
€ x R —Z
R iz R —ix
:/ e—dm—/ ¢ dx
€ € € €
R iz  _—ix
:/ e
- T

R .
. sin x
=2 dzx
. T

Notice that in the limit as R — oo and € — 0,

R—o0 R—oo /. xT
e—0

R — R .
lim </ f(z)dx + f(z) dsc) =2i lim ey
€ -R

e—0

0o .
. sinx
=2 dxr

0 X
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o .
. sinx
= z/ dx.
oo T

We can parameterise the contour « by z(t) := —ee~% with ¢ € [0, 7]. Then,
2 (t) =ice™ " = —iz(t).

Thus, the contour integral over v becomes

Lf(z)dz:fye;dz

/71' eiz(t) /( )d
= zZ'(t)dt
o 2(t)

™ eiz(t) )

T
= fz'/ e qt
0
s
= —i/ e~ gt
0

We want to take the limit of this as ¢ — 0.

lim / f(z)dz = —i lim eiee " gt
gl

e—0 e—0 0
s ot
=—1 lime™"° dt
0 e—0

~i [
0

= —iT

We interchanged the limit and integral above, which we will justify.

Proposition 8.

s T
. o —it . -
lim e "¢ dt= lim e "¢ dt
e—0 0 0 &

Proof. Let (z,) be the sequence of functions where

it

2o, () = eTion”

for t € [0, 7], and (,) — 0 is arbitrary. We wish to shown that this sequence is
uniformly bounded. Consider the following.

—it

_ —1iEp€

|zn(8)] = 7"
— ‘e—isn(cos t—isint)
— |e—i5n coste—an sint‘
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—1En cost| |6_€” sint

Since €, > 0 and sint > 0 for ¢ € [0, 7],
[zn ()] <1

for all ¢t € [0,7] and for all n € N. This shows that (z,) is uniformly bounded.
We also know that (z,) converges pointwise to 1 for all ¢ € [0, 7]. Therefore, by
the bounded convergence theorem,

™ —it 4 - —it
lim e~ dt = / lim e "¢  dt.
0 0

e—0 e—0

O

Finally, the integral over I' can be dealt with using Jordan’s lemma. We can
parameterise the contour I' by w(t) :== Re' with ¢t € [0,7]. f(2) is of the right
form, so Jordan’s lemma applies and hence,

2)dz| < L
Z T max .
t€[07r Re?t
R
Since,
T
lim — =
e R 0,
we can conclude that
li =
dm, [ 1)

Putting everything together, we have

e—0
. [ sinz .
~ 1 dr =i
0

7 Dirichlet Kernel

Definition 2 (Dirichlet Kernel). The Dirichlet kernel of order n, D,, : R —

R, is defined by
— Z eik:zc7 (4)
k=—n

where n € Z>¢. The sequence (D,,) of may also be referred to as the Dirchlet
kernel.
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Proposition 9.

k=—n

Proof. Consider the geometric series

1—r
k=0
Therefore,
n n —1
E rk = E rF+ E P
k=—n k=0 k=—n
n n
_ Z k4 Z K
k=0 k=1
n n

Proposition 10.



Proof.

Z eikx:1+ i eikx_i_ieikx
k=1

k=—n k=—n
n n
—1— E e—ikx + § eikz
k=1 k=1

=14+ Z (eikac _ e—z’kac)
k=1

=142 Z cos(kx)

k=1
O

The forms of the Dirichlet kernel given in Proposition 9 and Proposition 10 are
more useful than its original definition for our purposes. Integrating D over
[0, 7] yields the following:

/07T Dy(x)de = /OTr (1 + Qicos(kx)> dx

k=1

=7+ 2/ Zcos(kx) dx
0

k=1

=7+2 Z/ cos(kx) dx
k=170
=T

"1
=7r+2 — sin(kx
;k (k)

=7r+2i0
k=1

= T.

x=0

We will use this result to evaluate the Dirichlet integral, but first, we need the
Riemann-Lebesgue lemma.

Lemma 11 (Riemann-Lebesgue Lemma). Suppose f : R — R is Lebesgue
integrable on [a,b] C R. Then,

b
lim / f(z)e* dz = 0. (5)
A—oo J,
Corollary 11.1.
b
lim / f(z)cos(Ax)dx =0 (6)
A—=oo J,
and
b
lim / f(z)sin(Az) dz = 0. (7)
A—oo J,
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Proof. By the fact that f is real-valued via assumption, one can take the real
and imaginary parts of Equation (5) to obtain the desired results:

<hm / f(z de> =0
A—ro0
b .
~  lim Re </ f(z)e® dx) =0
A—00 a

b
~  lim [ Re(f(x)e)der =0

A—=oo J,
b
~ o lim [ f (@) Re (e AT dr =0

> lim / f(x) cos(Azx) dz = 0,

A—00

and similarly,

(hm / f(z eA® d;v) =0
> hm / f(z \sm( Ml)dm—O
~ lim / f(z)sin(Az) dx =

A—oo J,

Define f : R\ {n € R | n =27k, k€ Z} - R by

1
f(z) ~—m*

Since f is Lebesgue integrable on [0, 7], Corollary 11.1 of the Riemann-Lebesgue

lemma allows us to state that
g 1 2
lim < ) sin(Az)dx =0
0 si X

8]

ey \sn )

n
g 2

s lim ( ) sin ) dr =20
A—00 0 % CL’

- (RO, e x>d$):o

A—00 0 sin ( 0
i sm x)
~ lim / Dy (x) dx — 2/ dx
A— o0 0

i sm x)
~ lim [7—2 dx
A—00 0
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~ m—2 lim dr =20
A—o0 Jo xT
Tgin (A4 1)z
A—o0 0 x 2
By changing variables, we get
()\+§)7r :
lim Sy dr = T
A—o0 0 x
. (A+3)m sin T
~ lim =—
A—o0 0 T 2

AT s ()\Jr%)ﬂ' :
~  lim (/ Smxder/ T 4| =2
A—oo \ Jo T py T 2

From the proof of Proposition 1, we know that

* sinz . A sinz . A sing
dr = lim dzr = lim dr.
0 X A—00 0 x A—00 0 x

Additionally, as A — oo,

()7
/ sinx e
AT xz

()\Jrl)ﬂ' :
</ 2)™ | sin x| de

AT €

(A+3)m sin x
> dr — 0.
AT €
Hence,
. 1 .
. AT gin . (A+3)= sinx T
lim dr + lim der = —
A—o00 0 x A—o00 AT xT
gives
0o -
sin x T
dr = —,
0 X
SO

8 Fourier Transform

Definition 3 (Fourier Transform). Let f : R — R be Lebesgue integrable.
The Fourier transform of f, denoted .#{f}, is a function of s € R defined by

oo

F{fHw) = / e~ f(1) dt. (8)

— 00
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Theorem 12 (Fourier Inversion Theorem). Let f : R — R be Lebesgue
integrable and piecewise smooth. Define the inverse Fourier transform of F{f},
denoted F Y. F{f}}, as

FHI{OHw)HE) = /oo T} w)eH ™ duw. 9)

Then,

for allt € R.

Let f: R — R be defined by

Ft) = {1 if [¢] < 1,

0 otherwise.

f is Lebesgue integrable and piecewise smooth, and its Fourier transform is

FUONe) = [ ey at

— 00

1
_ / 672i7rwt dt
-1

By Theorem 12,

f(t) = /OO LH(QWW) 2Tt duy = 1 /00 anei“’tdw.

oo W T ) oo W
At t=0: 1o
f(0)=1=f/ Y
T oo W
Therefore,
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